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IjHKJIHHeCKHe HaKpblTHH, KOTOpbie He HBPHIOTCH CTaÔHPBHO 

papHOHajIbHMMH 

Cyclic covers that are not stably rational 


yKaiT-JIyH Kojibë-TejioH* h EjieHa ühpiotko * 

AHHOTapHfl 

Ha ocHcæe MeTûpoB, pa3pa6oTaHHbix KojuiapoM, Bya3aH, aBTopa- 
mh, ToTapo, mm poKa3biBaeM, hto piiKjiHvecKoe HaKpbiTne P^,n > 3 
npocToft CTeneHH p, pa3BeTBjiëHHoe Hap oueHb oôipeH nmcpnoBepx- 
HOCTbio f(x Q,...,x n ) = 0 CTeneHii mp He HBjineTCH CTaÔHJibHO pa- 
ipioHajibHbiM npii ycjiOBiiii n + 1 < mp. B pa3MepHOCTH 3 nojiyuaeM 
flBOÜHbie HaKpbiTMH Pjl, pa3BeTBjiëHHbic Hap oaeHb obipeir ninepno- 
BepxHOCTbio CTeneHii 4 (Bya3aH), a TaKJKe pBofmbie HaKpbiTHH Pjl, 
pa3BeTBjiëHHbie Hap oueHb oôipeft riinepnoBepxHOCTbio CTeneHH 6 (Bo- 
Biuib). Mm TaKJKe nojiyuaeM pBOHHbie HaKpbiTHH Pj^, pa3BeTBjiëHHbie 
Hap oueHb oôipeft ranepnoBepxHOCTbio CTeneHH 6. MeTop CTaTbii no3- 
BOjiaeT nojiyuiiTb npHMepbi Hap hhcjiobmmh nojiHMH. 

KAfoueeue CAoea : CTaÔHjibHaa papnoHajibHOCTb, rpynna HjKoy Hyjib- 
pHKJIOB, piIKJHIHeCKIie HaKpbITHH. 

Résumé 

Using the methods developed by Kollâr, Voisin, ourselves, Totaro, 
we prove that a cyclic cover of P^,n > 3 of prime degree p , ramified 
along a very general hypersurface of degree mp is not stably rational 
if n + 1 < mp. In small dimensions, we recover double covers of Pjl, 
ramified along a quartic (Voisin), and double covers of Pjt ramified 
along a sextic (Beauville), and we also find double covers of P^ ramified 
along a sextic. This method also allows one to produce examples over 
a number field. 
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1 BBe^emie 


IIpoeKTHBHoe MHoroo6pa3He X Hap nojieM k Ha3BiBaeTCH cTaÔHjiBHo papn- 
OHajiBHBiM, ecjiH pjiH HexoToporo n MHoroo6pa3ne X x P£ aBjiaeTca papn- 
OHajiBHBiM. CyipecTByioT cTaÔHjiBHo papnoHajibHBie HepapnoHajiBHBie mho- 
roo6pa3H2 [T]. B paôoTe m Kjisp Bya3aH bbopht MeTop pjiH poxa3aTejiB- 
cTBa, hto MHoroo6pa3ne X He HBjiaeTCH cTaônjiBHo papHOHajibHBiM, ocho- 
BaHHBiË Ha pejioM pa3Jio>KeHHH piiaroHajiH b rpynne Hixoy C H dimX (X x À") 
h cnepHajiii3apiiH. 3tot MeTop no3BojineT poxa3aTB, hto pBoiiHoe HaxpBirae 
Pjç, pa3BeTBjiëHHoe Hap oneHB oôipeË noBepxHocTBio cTeneHH 4, He HBjineT- 
ch cTaôiijiBHo papHOHajibHBiM. B paôoTe [4] mbi paccMaTpHBaeM cbohctbo 
CHq- yHHBepCajIBHOH TpiiBIiajIBHOCTH, SKBIIBajieHTHOe pejIOMy pa3JIOÎKeHHIO 
pnaroHajiH pjiH rjiapxnx npoeKTHBHBix MHoroo6pa3HH, h xoTopoe pejiaeT Me- 
Top cnepHajiH3apiiH ôojiee thôkhm, b hhcthocth, pjih cjiynaH cnepiiajiH3apHH 
Hap KOJIBpOM pHCKpeTHOrO HOpMHpOBaHHH C nOJieM BBIHeTOB nOJIOvKHTejIBHOH 
xap aKTepncTHKH. Mbi poKa3BiBaeM, hto ri pu oneHB oôipeM BBiôope ko3(|)c{)h- 
pneHTOB, rjiapxaH xoMnjiexcHan xBapmxa pa3MepHocTH 3 He HBjineTCH cTa- 
ôhjibho papnoHajiBHBiM MHoroo6pa3iieM. 


OnpepejieHHe 1.1. Ilycmb f : X —> Y' npoeKmueHuü Mop<fiu3M mhozo- 
ôpa3uü uad noJieM k. Mopçf)U3M f Ha3ueaemcA CHq- ynueepcajibno mpu- 
euaAbHUM, ec/iu ôaa awôozo pacrnupenuA JioAeü L/k omoôpacHceHue /* : 
CH 0 (X l ) —> CH 0 {Y l ) mAAemcA u30mop$u3mom. Ecau Y = Speck u f - 
cmpyKmypHuü Mop<fiu3M, mo Mnosoo6pa3ue X Ha3ueaemcA CHq- ynueep- 
caAbHo mpueuaAbHUM. 

B nacTHocTH, cTaÔHjiBHo papHOHajiBHoe MHoroo6pa3He >tbjt>tctch CHq- 
yHHBepCajIBHO TpHBHajIBHBIM. 

B paôoTax A. Bobhjih M paccMaTpHBaioTCH cjiynaH pbohhbix HaxpBi- 
thh Pj., pa3BeTBjiëHBix Hap oneHB oôipeË noBepxHocTBio CTeneHH 6, a Taxxce 
Pbohhbix HaKpBiTHii P^- h P^., pa3BeTBjiëHBix Hap oneHB oôipeË rrinepno- 
BepxHocTBio cTenemi 4. B paôoTe [5], 3. Kpern, B. XacceTT h K). HimxejiB 
paccMaTpiiBaioT cjiynaË HexoTopBix paccjioeHHii Ha kohiikh. 

B. ToTapo [9] poxa3aji, hto oneHB oôipaa: noBepHocTB CTeneHH d b P^ +1 
He HBjineTCH cTaônjiBHo papnoHajiBHOH npn ycjioBHHx d > 2|~(n + 2)/3] h 
n > 3; b poKa3aTejiBCTBe iicnoni/ryroTOT pe3yjiBTaTBi Kojuiapa Bi O PBOH- 
hbix HaxpBiTHHx b xapaKTepHCTHKe 2 h pe3yjiBTaT o cnepHajiH3apHH CHq- 
yHHBepCajIBHOH TpiIBHajIBHOCTH [4] 1.14 Hap KOJIBpOM pHCKpeTHOTO HOpMH- 
poBaHHH c nojieM nacTHBix xapaxTepHcraxn hojib h c nojieM bbihctob nojio- 
jKHTejiBHOH xapaKTepucTHKH. Kax 3aMenaeT ToTapo [9] . MeTopw, onncaHHBie 
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Bbiine, TaKJKe bo3moîkho npHMeHHTb pjis 6ojiee o6ih;hx HaKpBiTHË : b stoë pa- 
6oTe Mbi npopojiJKaeM H3yHeHne upKjiHHecKHË HaKpbiTiiË b nojioJKHTejibHoË 
xapaKTepucTHKe h poxasbiBaeM cjiepyioipHË pe3yjibTaT (TeopeMa 14.11) : 

TeopeMa 1.2. Ilycmb p - npocmoe hucao. Ilycmb X - yuKAunecKoe nanpu- 
mue Pg,n > 3 cmenenu p, pa3eemeAëHHoe nad ouenb oôtyeü sunepnoeepx- 
Hocmbw f(x o,... ,x n ) = 0 cmenenu mp. IJpednoAooKUM, umo m{jp — 1) < 
n + 1 < mp. Tosda X - Mnosooôpa3ue Oano, Komopoe ne AeAAemcA cma- 
ôuAbno payuonaAbnuM Mnosooôpa3ueM. 

Kax h b paôoTe [S], mbi nojiynaeM npiiMepbi H&y hhcjiobbimh nojiHMH. 
3aMeTHM, hto npn n = 3, m = p = 2 nojiynaeM oneHb oôrupe pBoËHbie 
HaKpblTHH Pc, pa3BeTBjiëHHbie Ha^ KBapraKoË (6ojiee oôirpie pe3yjibTaTbi 
nojiyneHbi b paôoTe CSI) , npn n = 3,m = 3,p = 2 mbi nojiynaeM ppyroe 
/tok asaTejibCTBo pe3yjibTaTOB |3j. 

npn ycjioBHH mp > n + 1, Kojuiap poxasaji, hto paccMaTpnBaeMbie Ha- 
KpbiTiia He hbjiîhotch jiHHeËHaTbiMH [6j. OynaKo, sto He paëT pe3yjibTaTOB o 
cTaÔHJibHoË papnoHajibHocTH, Tax Kax cyipecTByioT cTaÔHjibHo papHOHajib- 
Hbie MHoroo6pa3Ha pa3MepHocTH 3, KOTopbie He hbjiîhotch papHOHajibHbiMH 

EU- 

2 CTo-yHHBecajibHasi TpHBHajibHOCTb CHHryjiiip- 
HblX MHOrOo6pa3HH 

JleMMa 2.1. Ilycmb k - aAseôpauuecKu 3aMKnymoe noAe u nycmb X - ye- 
Aoe npoeKmuenoe Mnosoo6pa3ue nad k. Ilycmb U G X omKpumoe noÔMno- 
zooôpa3ue. Tosda ôaa ak>6oü mounu z G X{k ) cytyecmeyem yuKA £ G Zq{U) 
payuonaAbno 3KeueaAenmnuü z e CHo(X). 

y 5,oKa3ameAbcmeo. Ecjih X — C pesas KpnBas c HopMajiH3apiieË D, to 
yTBep>Kyi;eHHe csepyeT 113 Toro, hto rpynna üiiKapa nojiyjioKajibHbix xojiep 
D TpiiBiiajiBHa. B oôrpeM csynae pocTaTOHHo 3aMeTHTb, hto cyipecTByeT pe¬ 
sas xpiiBas C, Taxas, hto zGCnCnf/^0. □ 

JleMMa 2.2. Ilycmb k - aAseôpauuecKu 3aMKnymoe noAe u nycmb X - ye- 
Aoe npoeKmuenoe k-payuonaAbnoe Mnosooôpa3ue. Ecau X AeAAemcA eAad- 
kum 3a ucKAwuenueM Koneunoso hucaü mouen, mo X - ynueepcaAbno CHq- 
mpueuaAbnoe Mnosooôpa3ue. 
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JJoKa3ameJibcmeo. IlycTB 0 ^ U G X oTxpBiToe no^MHoroo6pa3He, H30- 
MopcJ)Hoe oTKpt>iTOMy noflMHorooôpaamo IlycTB F/k- HexoTopoe pacmn- 
pemie nojieii. Jlroôaa: rjia^KaH Tonxa z G Xp(F ) panyioHajiBHo sxBHBajieHTHa 
b Xp Hyjib-pHKjiy H3 Zq(Uf). M.3 npeflBi^ymeii jieMMBi nojiynaeM, hto sto 
ocTaëTca BepHBiM ^jis jiioôoë F-tohxh X. AHajioniHHo paccyjxfleHHHM [1] 1.5 
nojiynaeM, hto Kaac^BiË pnxji b Z 0 (Xp) panyioHajiBHo axBHBajieHTeH h,hkjiv 
Nx, rjlk HexoToporo N n (<|>HxcHpoBaHHoro) x G U(k) G U (F) G X(F). 

□ 

JleMMa 2.3. Flycmb k - aAzeôpaunecKU 3üMKHymoe noAe u nycmb X - C6A3- 
noe npoeKmuenoe m,ho g oo6pa3ue nad k. Ecau Kaoicdan npueedënnaH komuo- 
nenma X AeAAemcA k-payuonaAbnuM M'uosooôpasueM c u30AupoeannuMU 
cumyAApnuMu mounaMU, mo X - ynueepcaAbno CH 0 -mpueuaAbnoe mho- 
3ooôpa3ue. 

JJoKa3ameAbcmeo. ^ocTaTOHHo npHMemiTB npe^bi^ymyio jieMMy h [4] 1.3. □ 

B cjie^yioin;eM naparpacj)e mm npnMeHHM jieMMy 12.31 æjih iicxjnoHHTejiB- 
hbix flHBH3opoB paspemeHHH oco6eiiiTOCT('Ë. I Ipi-iBeyëM Taxxte ôojiee o6in;ee 
yTBepjKfleHHe rjisl o6be/i,HHeHHH Ci/cry HIIBe P cajIbHO TpiiBnajiBHBix mhoto- 
o6pa3HË. ^ajiee b stoë cTaTBe HaM noHafloôiiTca tojibko jieMMa 12.31 

JleMMa 2.4. IJycmb X - npoeKmuenoe npueedënnoe zeoMempuuecKU C6A3- 
noe MH03oo6pa,3ue nad hoacm k u nycmb X = [J^ 1 X. t pa3Aoofcenue X na 
nenpueoduMue KOMnonenmu. IJpednoAoofcuM, umo 

(i) naoicdoe U3 Mnosoo6pa3uü Xi deoMempunecnu nenpueoduMO u hbaa- 
emcA CFëo-ynueepcaAbHo mpueuaAbnuM; 

(ii) nacHcdoe U3 nepeceuenuü X t fl X 3 auôo nycmo, auôo codepotcum 0-yuKA 
Zij cmenenu 1. 

Tozda MH020oôpa3ue X AeAnemcn CHo-ynueepcaAbno mpueuaAbnuM mho- 
2ooôpa,3ueM. 

Jë[oKa3ameAbcmeo. IlycTB L/k pacniHpeHHe nojieË h nycTB 0 G CH 0 (Xp ) 
Kjiacc ipiKjia CTeneHii 0. Tax xax X - reoMeTpi-n-iecxH cBH3Hoe, to b ^yajiBHOM 
rpacj)e reoMeTpunecxiix xoMnoHeHT cyrpecTByeT nojiHBiË pnxji : cymecTByeT 
nocjie^oBaTejiBHocTB HH^excoB 1 < ij < N (r,n;e m Mo>xeT 6bitb 

ôojibme, neM N), Taxas, hto = {1,...,JV} u X ij}L D X ij+uL 

HenycTo /pis Bcex 1 < j < m. 

MoHCHO pa3JIOvXIITB Z — Yh z ip r Æ e Z ij G CFd^^Xi^) CTeneHH dj, ^2 dj = 0 
(c npoH3BOJiBHBiM BBiôopoM Ha nepeceneHHHx, Taxjxe HexoTopnie z l:j MoryT 
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6bitb paBHM Hyjiio). Tor^a z ix = diZ ili2 L b CH 0 (X ilL ), oTKyga z il +z i2 = ( d\ + 
d2)z i2i3 L b CH 0 (X ilL Ul i2i ) h T.fl., nojiynaeM 2 = J2 z % . = di)z irn _ 1)irnL = 
0 b CH 0 (X l ). □ 


3aMeuaHue. YcjioBiie («) BBinojiHaeTCH, ecjni cyrpecTByeT paspememie 
ocoôeHHocTeii tt, : X t —> X, . Taxoe, t tto X t aBjiaeTca C//o-y HHBe P cajI BHo 
TpiiBiiajiBHBiM MHoroo6pa3neM h Bce (cxeMaTir-iecKiie) cjioh 7 r* hbjihiotch 
( 7i/o-yHHBepcajIBHO TpiIBHajIBHBIMH MHOrOo6pa3HÎÎMH (cm. [U, Prop. 1.8.) 


3 I^HKJlHHeCKHe HaKpbITHH H OCOÔeHHOCTH 

HanoMHHM BKpaTpe HeKOTopBie cBoficTBa pHKjiHHecKHx HaKpBiTim [7].V, [SJ. 
IlyCTB p - npOCTOe HHCJIO H f(x 0 , ... ,X n ) - O^HOpO^HBIH MHOTOHJieH CTe- 
nemi mp Hap, nojieM k. IJuKAUHecKoe naKpumue P£, pa3BeTBjiëHHoe Ha fl 
f(x 0 , ..., x n ) = 0, onpeflejiHeTCH kbk no^MHoroo6pa3He P(m, 1,1,..., 1) 3a- 
flaHHoe ycjioBHeM 

V p ~ f(x 0 , • • ■ ,x n ) = 0. 

Ecjih k - nojie xapaKTepiicTHKH p, to Taxoe pHKjniHecKoe HaxpBiTHe nonra 
BCerfla CHHTyjIHpHO, OCOÔeHHOCTII COOTBeTCTByiOT KpiITHHeCKHM TOHKaM /. 


Onpep,ejieHHe 3.1. KpumunecKoü mouKoü mhozohachü g(x\,... ,x n ) uad 
noAeM k Ha3ueaemcA mouna P, manan, nmo dg/dxi(P) = OVi. Kpumu- 
uecKüH moHKa P MnozouAena g Ha3ueaemcA HeeupootcdeuHoil, ecAU onpe- 
deAumeAb \ d d c J )r ( P )[ ne paeen hz/ah). XpumunecKou monnou odnopodHozo 
MHozoHAena f(x 0,..., x n ) Ha3ueaemcA KpumunecKaA mouna odnoso U3 mho- 

Z0HACH06 f (Xoî ... ; X{— 1 , 1, • • • : X n ) . 

Ecjih k - nojie xapaKTepHCTiiKH 2 h n HenëTHO, to Bce KpiiTiinecKiie toh- 
KH MHOTOHJieHa g G k[xl, , JC n ] HBJI5HOTCH bbipotk/iphhbimh . 


Onpep,ejieHHe 3.2. IJycmt> k - noAe xapanmepucmuKu 2 un nenèmuo. 
KpumuuecKaA mouna P mhozouachü g(x 1 ,..., x n ) Hd3ueaemcH noumu ueeu- 
pocucdeHHoü, ecAU 

lengthe>A'«- ; p/ (dg/dx x (P) ,.. .,dg/dx n (P)) = 2. 
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TT.tth H3y T ieHHH CTaÔHjibHOH pan,HOHajit>HocTH HaM noHa^oôaTCH pe3yjiB- 
TaTbi o pa3pemeHHH ocoôeHHocTeË nyiKjiHHecKiix HaKpBiTiiË (cm. Taioxe 0)- 

JleMMa 3.3. nycmn k - aAseôpaunecKu 3üMKnymoe nojie xapanmepucmuKu 
2 u nycmb 

X : y 2 — f(x i, ...,x n ) 

açficfiuHHoe deoünoe naKpumue, cumyAApnoe e moHKe P = (y,x i,... ,x n ) = 
(0, 0,..., 0), ede n > 2 uëmno u (0, ..., 0) - neeupooiedennaA KpumunecKüH 
moHKa MHoeoHJieHa f . IJycrm> X —> X pa3Ôymue mounu P. Tozda : 

(i) e oKpecmHocmu mouKu P naKpumue X 3 adaëmcH ycAoeueM 

y 2 = xix 2 + X 3 X 4 + ... + x n -i x n + g(xi, ...,x n ), 

2 Ôe mcucduü odnouAen e 3anucu g(x 1 ,..., x n ) uMeem cmenenb ne Me¬ 
née mpëx. 

(ii) MH 020 o 6 pa 3 ue X neAnemcn eAaÔKUM e oKpecmnocmu ucKAWHumeAb- 
H 020 dueu 3 opa E u MH 020 o 6 pa 3 ue E neAAemcH ynueepcaAbno CHq- 
mpueuaAbHUM. 

JJoKa 3 ameAbcmeo. Cboëctbo ( i ) paccMaTpnBaeTCH b ynpaxŒeHHH V.5.6.6 
khhth [Tj (cm. TaKJKe ^OKa3aTejiBCTBO TeopeMbi 13.71 janeel. 

,ZI,oKa>KeM (ii). /IpcTaTOHHo paccMOTpeTB cjieflyromiie xapTBi pa3^yTHH: 

1 .Xi — y Zi, 1 < i < n h X 3a^;aëTC3 ycjioBiieM 

1 = + Z 3 Z 4 + ■ • • + Zn-iZn + \g{yz!,..., yz n ) 

y 2 

B a(J)(J)HHHBIX Koop^HHaTax y, Zl, . . . Z n . 

3aMeTHM, hto MHoroHjieH ^g(yz\,..., yz n ) ^ejniTca Ha y. Hckjhohii- 

TejiBHBiË yiiBirx)}) E pas^yTiin X —> X sa/jaëTOT ycjioBHeM y = 0. 
IIojiyHaeM ypaBHeroie E b stoë xapTe : 


Z 4 Z 2 + Z 3 Z 4 + ... + Z n _iZ n — 1, 

sa^aroipee rjia^Kyio KBa^pHKy. MHoroo6pa3He X hbjihctch rjia^KHM b 
K axc^oË Tonne E (sto cjieÆyeT H3 ypaBHeHHH X). 

2. y = WX\, Xi = X\Zi, ! ^ 1. HcKJHOHHTejIBHBIË flHBH30p E 3aflaëTCH 
ycjioBiieM x\ = 0. IIojiyHaeM cjie^yiomHe ypaBHeHiisi b stoë xapTe rjisl 
X H E COOTBeTCTBeHHO : 

w 2 = z 2 + z 3 z 4 + • • • + z n _ 4 Z n + \g(x 1 , Xi z 2 ,..., Xi z n ) 

xf 
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H 

Z2 = —(^3^4 + • • • + Z n - iZ n ) + W 2 , 

TaKHM o6pa30M, MHoroo6pa3He E hbjihctch rjia^KHM h papnoHajiBHtiM 
(TaK KaK E H30M0p(J)H0 acJxÿlfflHOMy IipOCTpaHCTBy C KOOp/l,HHaTaMH 
Z3 , ... z n ,w). MHoroo6pa3He X hbjihctch rjia^KHM b Kaxynpfi tohkc E. 

TaKHM o6pa30M, HCKJHOHHTejIbHBIH ^HBH30p E HBJIHeTCH TJia^KHM paU,HO- 
HajiBHBiM MHoroo6pa3iieM, cjie^oBaTejiBHo, yHHBepcajiBHo C’i/o-TpHBHajiBHBiM 
(cm. g] 1.5). 

□ 

JleMMa 3.4. Ilycmb k - aAzeôpaunecKu 3aMKHymoe none xapanmepucmuKu 
2 u nycmt, 

X : y 2 = f(x 1 , ...,x n ) 

açjjçjjuHHoe deoünoe naKpumue, cumyjixpnoe e mou,Ke P = (y,x 1 ,... ,x n ) = 
(0, 0,..., 0), zde n > 3 nenëmno u (0,..., 0) - noumu neeupootcdennafi Kpu- 
muuecKaH mouna MnosouAena f. Ilycmb X —> X - pa3dymue rnounu P. 
Tosda : 


(%) e oKpecmnocmu mouKu P naKpumue X 3 adaëmcA ycAoeueM 
y 2 = ax\ + x 2 x 3 + x 4 x 5 + ... + x n -ix n + g(x 1 , ...,x n ), 


dde Kaotcduü odnouAen e 3 anucu g(x 1 ,... ,x n ) UMeem cmenenb ne Me¬ 
née mpëx, u Koatfxfiuyuenm b MnozoHAena g npu x\ ne paeen nyAm. 

(n) MH020o6pa3ue X neAnemcn zaüôkum e oKpecmnocmu ucKAtonumeAb- 
nozo dueu3opa E u Mnozoo6pa3ue E neAnemcn ynueepcaAbno CH 0 - 
mpueucLAbnuM. 


JHoKa 3 ameAbcmeo. Cbohctbo (z) paccMaTpHBaeTca b yrrpajKHeHHH V.5.7 khh- 
bh |7j (cm. TaKHce ,ri;oKa3aTejiBCTBo TeopeMbi 13.71 iiajiee). ^OKanceM (zz). /Jo- 
cTaTOHHo paccMOTpeTB cjieÆyroirpie KapTBi pa3^yTHH: 

1 .Xi — y Zi, 1 < i < n h X 3a,n;aëTCîi ycjioBneM 


1 — az 2 + z 2 z 3 + Z 4 Z 5 + ... + z n -\z n + 


-a(vzi. 


B a(J)(j3HHHBIX KOOp^HHaTaX y, Zi, ... z n . 

3aMeTHM, hto MHoroHjieH ^g[yzi ,..., yz n ) æcjihtch Ha y. Hckjiiohh- 
TejIBHBIH flHBH 30 p E pa3^yTHH X —> X 3a/T;a('TC>T yCJIOBHeM y = 0 . 
I IojiynaeM ypaBHeHHe E b 3toh KapTe : 


az 2 + z 2 z 3 + Z 4 Z 5 + ... + z n -iz n — 1. 
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Ilpn a = 0 nojiynaeM npoH 3 Be^eHHe A 1 h rjia^Kofi KBa^pnKii. IIpn a 7 ^ 

0 nojiynaeM HenpHBqzpiMyio KBa^pHKy, CHHryjiapHyio b o^hoh Tonne 
Zi — 0 , i > 1 h az\ = 1 . 

MHoroo 6 pa 3 He X hb.it ctot rjia^KHM b Ka>K/iOH TO T TKe E : CHHryjiapHaH 
TOHKa X flOJiîKHa yflOBjieTBopaTB ycjioBiMM : Z 2 = ■ ■ ■ — z n — 0, y — 0, 

bz\ = 0 II az\ = 1, HTO HeB03M0ÎKH0. 

2 . y = wx 2 , X* = x 2 z i: i 7 ^ 2 . HcKjiioHHTejibHbiH flHBH 3 op A 3 aflaëTca 
ycjioBneM X 2 = 0. IIojiyHaeM cjie,n,yiOHi,He ypaBHeHHsi b stoh KapTe fljia 
X 11 E cootb 6 tctb 6 hho : 

w 2 = az{ + ~ 3 + z 4 z 5 + ... + z n _iz n + \g(x 2 z 1 ,x 2 , x 2 z 3 x 2 z n ) 

X 2 

H 

^3 = — (o^i + ~4^5 + • • • + ^n-lAi) + W 2 . 

Kax h b npeflBi^ymnx BBiHHCJieHHHx, MHoronjieH ^g{x 2 Z\, x 2 , x 2 z 3 ..., x 2 z n ) 
flejiHTcs Ha x 2 . TaKHM o6pa30M, MHoroo6pa3iie E HBjiaeTCH rjia^KiiM 
H papiIOHajIBHBIM (TaK KaK H30M0p(J)H0 atJxJrHHHOMy npocTpaHCTBy). 
MHoroo 6 pa 3 He X hbhhctot rnajiKiiM b Kaxynpfi Tonne E. 

3. y = toi, Xi = x\Zi, i ^ 1. HcKjHOHiiTejiBHBifi /prensop E 3 aflaëTCH 
ycjioBiieM xi = 0. IIojiyHaeM cjie^yioHiHe ypaBHemiH b stoiî xapTe æjih 
X H E COOTBeTCTB 6 HHO : 

w 2 = a + z 2 z 3 + z 4 z 5 + ... + z n -iz n + \g(x 1 , x\z 2 , • • •, x 4 z n ) 

x \ 

H 

a + ^ 2^3 + 24 Z 5 + . . . + Z n _i£ n — UT = 0 . 

MHoroo 6 pa 3 He E HBjiHeTCH h e npuBO/^HM oh kb a/rpHKoir, cHHryjiapHofi b 
o,h;hoh TOHKe Zi = 0; Vï et a — w 2 = 0. Tax xax xoscJwjnmHeHT g npn xf 
He paBeH Hyjno, MHoroo6pa3iie X HBjisieTcsi rjia^KiiM b xajxfloir Tonxe 
E ( aHajiomHHo BbiHHCJieHHSM b nyHKTe 1). 

üojiyHaeM, hto MHoroo 6 pa 3 ne E HBjiHeTCH HenpoBOflHMbiM, HMeeT tojibko 
H 30jiHpoBaHHyio CHHryjispHyio Tonxy (c : 1 : 0 : ... 0), r^e c 2 = a, h otxpbi- 
Toe no^MHoroo6pa3He E HBjisieTcsi rjia^KHM h papnoHajiBHbiM. IIo .neMMe f2~3l 
E yHHBepcajiBHO G7/ 0 -TpMBHajTbno. 

□ 

JleMMa 3.5. IJycm t> k - cuizeôpauuecKU 3aMKnymoe none xapanmepucmuKU 
p > 2 u nycmb 


X : y p = f(x i,... ,x n ) 


acficfiuHHoe yuKAunecKoe Hanpumue, cumyAfipnoe e moune P = (y,x 1 ,, x n ) 
(0, 0,..., 0), sde (0,..., 0) - Heeupootcdennafi KpumunecKaH rnonna mhozo- 
Hneua f. [IpednojiocHCUM, umo n Hëmno. Tozda : 

(i) e OKpecrrmocmu mounu P Hanpumue X 3 adaëmcH ycAoeueM 

y p = x±x 2 + £ 3 X 4 + ... + x n -ix n + g(x 1 ,, x n ), zde Kaatcduû odnoHJieH 
e 3anucu g(x 1 ,..., x n ) uMeem cmenem, ne Menee mpëx. 

(n) Mno30o6pa3ue X, nojiyneHHoe e pe 3 yAbmame pa 3 ÔymuA mouKu P u 
KcmeuHozo hucacl pa3Ôymuü u30AupoeaHHUx cumyAApnux mouen c 06 - 
pa30M P e X, neAAemcH saüôkum e oKpecmnocmu Xp u caoü Xp m- 
AAemcH ynueepcaAbHo CHo-mpueuaAbnuM (ho, e oôiyeM CAynae, Xp 
ne mAAemcA nenpueoduMUM). 

flOKa 3 ameAbcmeo . Cbohctbo ( i ) paccMaTpiiBaeTCH b ynpajKHemoi V.5.6.6 
khhth [TJ (cm. TaïQKe flOKa 3 aTejiBCTBo TeopeMBi 13.71 iiajiee). /JoKaaceM (ii). 
IlycTB X' —f X - pa3flyTHe X b To x iKe P. .UocTaTonno paccMOTpeTB cjie^y- 
roirpie KapTBi : 

1. y — wx 1 , Xi = x 1 z t , i 7 ^ 1. HcKjnoHHTejiBHBiË ,nHBH 3 op E 3 aflaëTca 
ycjioBneM X\ = 0. IIojiyHaeM cjieflyioiii,He ypaBHeHHH b stoh KapTe fljia 
X' H E COOTBeTCTBeHHO : 

x{~ 2 w p = z 2 + z 3 z 4 + ... + Z n _iZ n + -ô 9 {x 1 , £ 1 Z 2 , • • • , X!z n ) 

x l 

(r^e MHoroHjieH \g(x 1 , x\z 2 ,..., x\z n ) flejniTca Ha x\) h 

x i 

z 2 = (Z 3 Z 4 + . . . + Z n ^iZ n ), 

TaKHM o6pa30M, MHoroo6pa3He E hbjihctch rjia^KHM h papnoHajiB- 
hbim. MHoroo 6 pa 3 He X' hbjihctch rjia^KHM b Kanyapn tohkc E. 

2. Xi — y Zi, 1 < i < n h X' 3 a,n,aëTCH ycjioBneM 

y p ~ 2 = ZiZ 2 + z 3 z 4 + ... + z n —\z n + —zg(yzi,yz n ). 

y 2 

HcKJIIOHHTejIBHBIH flHBH30p E pa3^yTHH X' —» X Oa/plCTCH yCJIOBHeM 
y = 0. IIojiyHaeM ypaBHeHiie E b stoiï KapTe : 

Z\Z 2 + Z 3 Z 4 + . . . + Z n _iZ n = 0, 

3afl£noiri;ee KBa^pHKy, cHHryjiHpHyio b TOHKe ( 21 ,..., z n ) = (0,..., 0). 

MHoroo 6 pa 3 He X' HBjiaeTCH cuHryjisipHBiM b e/pmcTBeiiHoîi tohkc P' = 
(y, zi,..., z n ) = (0,... 0) ecjiH p > 3 h rjia^KHM, ecjni p = 3. Ecjih 
p > 3, nycTB X" —>■ X' paH/iyTiie X' b TOHKe P'. ÂHajiorHHHo, pac- 
CMaTpHBaeM cjieflyiomHe KapTBi : 
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(a) y — ZlW, Zi — tiZl, i ^ 1, HCKJIIOHHTejIBHBIH ^HBH30p E' 3a^aëTC3 
ycjioBneM Z\ — 0. IIojiyHaeM cjieflyiomHe ypaBHemis b stoïi KapTe 
Rjia X" h E' cooTBeTCTBeHHO : 



A + AA + ■ ■ • + t n -it n + ~^h(ziw, Zi, Zit 2 , ■ ■ ■ , Zit n ), 


*1 

A + AA + • • • + t n _it n = 0, 



THM, HTO MHOTOHJieH h(z\W , Zi, Zit 2 , ■ ■ ■ , Zit n ) flejIHTCa Ha zf. IIo- 
jiynaeM, hto E' HBjiHeTCH rjia^KHM h papnoHajiBHBiM: npoH3Be- 
fleHiie A 1 (cooTBeTCTByiomero Koop^iiHaTe w), h MHoroo6pa3HH 
t 2 = — (AA + . . . + t n -it n ), H HTO X" HBJIHeTCH TJia^KHM B KaiK- 
/loii Tonne E' b 3TOË KapTe. 

(b) Zi = yti, 1 < i < n, E' 3aflaëTca ycjioBHeM y = Oh X" 3a^;aëTCH 

ycjioBHeM 



b 3toh KapTe. MHoroHjieH ^ïg(y 2 ti,... ,y 2 t r ) æcjihtch na y- Hc- 
KJHOHHTejIBHBIH /IHBH'IOp E' HBJIHeTCH KBaflpHKOH 


AA + AA + . . . + A-lA — 0. 


AHajIOTHHHO, MHOTOo6pa3He X" HBJIHeTCH CHHryjIHpHBIM B e^HH- 

cTBeHHOH TOHKe (y, a, ■ ■ ■ , A) = (0,... 0) ecjiH p > 5 h rjia^KHM, 
ecjiH p = 5. Ecjih X" CHHryjiapHO, to mbi noBTopHeM npe^bifly- 
myio KOHCTpyKpnio. Ilocjie KOHeHHoro HHCJia tbkhx onepapHË mbi 
nojiyHHM MHoroo6pa3He X —y X, rjia^Koe b Rançon TOHKe Hafl 
P H TaKOe, HTO BCe HCKJHOHHTejIBHBie ^IIBH30pBI HBJIHIOTCH pa- 
HHOHajIBHBIMH MH0r006pa3HHMH, TJiaflKHMH HJIH C e^HHCTBeHHOH 
H30JIHpOBaHHOIÏ CHHTyjIHpHOH TOHKOH, KaK OmiCaHO BBIHie. 


Ü3 onncaHHH HCKjnoHHTejiBHBix ^HBH3opoB h jieMMBi 12.31 nojiyHaeM, HTO 
CJIOH Xp HBJIHeTCH CBH3HBIM C*iA-y HHBe P caJIBHO TpHBHajIBHBIM MHOTOOÔpa- 
3HeM. 


□ 


JleMMa 3.6. IJycmb k - ajiseôpaunecKu 3aMKnymoe none xapanmepucmunu 
p > 2 u nycmb 


X : y p = f(xi ,... ,x n ) 
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acficfiuHHoe yuKAunecKoe Hanpumue, cumyjifipnoe e moune P = (y,x 1 ,, x n ) 
(0, 0,..., 0), sde (0,..., 0) - Heeupoofcdennan KpumunecKaH rnonna mhozo- 
HAena f. PëpednoAocucuM, umo n Henërrmo. Tozda : 

(i) e oKpecmHocmu mouKu P Hcmpurriue X 3 adaemcA ycAoeueM 

y p = x\ + X 2 X 3 + x 4 x 5 + • • • + x n _ix n + g(xi ,..., x n ), zde Kaotcduü 
odnoHAeH e 3anucu g(x 1 ,... ,x n ) UMeem cmenem ne Menee mpëx. 

(n) Mno30o6pa3ue X, noAyneHHoe e pe 3 yAt>mame pa 3 ÔymuA mouKu P u 
KoneuHOdo hucaü pa3dymuü u30AupoeauHux cumyAApnux mouen 

c o6pa30M P AeAAemcA zaüôkum e OKpecmHocmu Xp u caoü Xp ne- 
AAemcA ynueepcaAbHo CH 0 -mpueuaAbHUM (ho, e oôiyeM CAyuae, Xp 
ne AeAAemcA nenpueoduMUM). 

JJoKa 3 ameAbcmeo. Cbohctbo (i) paccMaTpiiBaeTCH b ynpanŒeHHH V.5.6.6 
KHHm [TJ (cm. TaKJKe flOKa 3 aTejiBCTBO TeopeMBi 13.71 nanee). 

y[oKa>KeM {ii). IlycTB X' —> X - pa 3 ,nyTHe À" b tohkc P. ,U,ocTaTOHHo 
paccMOTpeTB cjie,n,yioiii,He KapTBi : 

1. y — WX 1 , Xi = Xi Zi, i ÿë 1. HcKJIIOHHTejIbHblË ^HBH30p E 3aflaëTC3 
ycjioBneM x\ = 0. IlojiyHaeM cjieflyiomHe ypaBHeHHH b otoh KapTe fljia 
X' H E COOTBeTCTBeHHO : 

X P ~ 2 W P = 1 + ^ 2-3 + Z 4 Z 5 + • • • + Zn-lZn + \g{x i, X 4 Z 2 , • ■ ■ , X X Z n ) 

xf 

(r^e MHoroHjieH -^gixi, X\z 2 ,..., X\z n ) flejiHTCH Ha xP h 

x i 

1 + Z 2 Z 3 + Z 4 Z 5 + . . . + Z n -iZ n = 0. 

TaKHM o6pa30M, MHoroo6pa3ne E HBjiaeTCH rjia^KHM h paipioHajib- 
hbim : npoH3Be,i],eHHe A 1 (cooTBeTCTByiomero Koop^miaTe w) h rjiafl- 
KOH KBaflpHKH 1 + Z 2 Z 3 + ^ 4^5 + • • • + Z n - 4 Z n = 0. MHOTOo6pa3He X' 
HBjiaeTCH rjia^KHM b Rançon tohkc E b otoh KapTe. 

2. y = wx 2 , Xi = x 2 z i: i ÿë 2. HcKjnoHHTejibHbiË ,a;HBH 3 op E 3 aflaëTca 
ycjioBHeM x 2 — 0. IIojiyHaeM cjieflyiomHe ypaBHeHHH b otoh KapTe fljia 
X' H E COOTBeTCTBeHHO : 

x p f 2 w p = z\ + z 3 + z 4 z 5 + ... + Z n -!Z n + -4 g{zix 2 , x 2 , x 2 z 3 ,x 2 z n ) 

x 2 

(rfle MHoroHjieH \g(zyx 2 , x 2 , x 2 z 3 ,..., x 2 z n ) flejiHTes Ha x 2 ) h 
x 2 

Z 3 = —(zf + Z 4 Z 5 + . . . + Z n -\Z n ), 
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TaKHM o6pa30M, MHoroo6pa3He E HBjisieTcsi rjia^KHM h parpioHajiBHBiM 
(Tax Kax H30MopcJ)Ho ac}x})HHHOMy npocTpaHCTBy). MHoroo6pa3iie X' 
HBJIHeTCH rjiaflKHM B KaJK^OH TOHKe E B 3TOË KapTe. 

3. Xi = y Zi, 1 < i < n h X' 3a,n,aëTca ycjioBiieM 

yP- 2 = zf + Z2 z 3 + z 4 z 5 + ... + z n — i z n + \g{yz 1 ,..., yz n ). 

y 1 

3aMeTHM, hto MHoroHjieH jsg(yzi, • • •, yz n ) flejiHTCH Ha y. 

HcKJHOHHTejIBHBIË flHBH30p E pa3^yTHH X’ —> X 3a^aëTCH yCJIOBHeM 
y = 0. nojiynaeM ypaBHemiH E b stoë KapTe : 

z\ + Z 2 Z 3 + Z 4 Z§ + . . . + Z n —\Z n = 0, 

3aflaK)in;ee KBaflpmcy, cHHryjiîipHyio b TOHKe (z 4 ,..., z n ) = (0,..., 0). 

MHoroo6pa3He X' Taxace HBjiaeTCH CHHryjiapHBiM b e^HHCTBeHHon toh- 
xe P' = ( y, zi,..z n ) = (0,..., 0) ecjin p > 3 h rjia^KHM b oxpecT- 
hocth HCKjiioHHTejiBHoro ^HBH3opa, ecjiH p = 3. Ecjih p > 3, nycTB 
X" —» X' pa3^yTHe X' b TOHKe P'. AHajiorHHHo npe^bi^ymeË jieMMe, 
paccMaTpHBaeM cjie^yiomHe KapTBi : 

(a) y = z\w, Zi = tiZ\, i ^ 1, HcKJHOHHTejIBHBIË ^HBH3op E' 3a,n;aëTCH 
ycjiOBHeM Z\ = 0. nojiynaeM cjie^yiomHe ypaBHeHHH fljiH X" h E' 

COOTBeTCTBeHHO : 

W p - 2 Z P f { = l + t 2 t 3 +t 4 t 5 + . . .+t n _ 1 t n + \h(z 1 W, Z h Z\t 2 , zptn), 

Z 1 

i + t 2 t 3 + t 4 t 3 +... + t n _\t n = 0, 

r^e MHoroHjieH ^g{yz 1 ,yz n ) = h(y, z 1? ..., z n ) ^ejiHTcsi Ha z\. 
üojiyHaeM, hto E' HBjineTCH rjia^KHM h paipioHajiBHBiM: npoH3- 
Be^eHHe A 1 (cooTBeTCTByiomero KoopflimaTe w) h MHoroo6pa3HH, 
3aflaHHoro ypaBHeHHeM 1 + t 2 t 3 + t 4 t 5 + ... + t n - 4 t n = 0. Mhoto- 
o6pa3He X' HBjineTCH rjia^KHM b Kanc^oË Tonne E' b stoë KapTe. 

(b) y = Z 2 W, Zi = t t Z 2 , i ^ 2, HcKJHOHHTejIBHBIË ^HBH30p E' 3a,u;aëTC5î 
ycjioBiieM z 2 — 0. IIojiyHaeM cjie^yioiri;He ypaBHeHHH æjih X" h E' 
COOTBeTCTBeHHO : 

w p ~ 2 z%~ 4 = tl+t 3 +t 4 t 5 +.. .+t n -it n +—h(z 2 w, z 2 ti, z 2 , z 2 t 3 ,z 2 t n ), 

Z 2 

t 4 P t 3 + t 4 t§ + ... + t n -\t n = 0, 


12 



r^e mm o6o3HaHHjiH ^g{yz 1: ..., yz n ) = h(y, z 1: ..., z n ). üojiyHa- 
eM, hto E' aBjiHeTCH rjia^KHM h parpioHajiBHBiM h hto X" hbjih- 
eTC3 rjiaflKHM b KaxynpË TOHKe E' b stoë KapTe. 

(c) Zi = yti, 1 < i < n, E' 3aflaëTca ycjioBiieM y — Oh X" 3a^aëTca 
ycjioBiieM 



MHoroHjieH ^ ig(y 2 ti,... ,y 2 t n ) flejiHTca Ha y. HcKjiioHHTejiBHBiË 
ÆHBH30P E' HBJIHeTCH KBajIJ)HK()H 



AHajiorHHHo, MnorooGpasiie X" HBjiaeTCîi cHHryjisipHBiM b oxpecT- 
HOCTH E B 3TOË KapTe B eflHHCTBeHHOË TOHKe (y, t \, . . . , t n ) = 

(0,... 0) ecjiH p > 5 h rjiaflKHM, ecjiH p = 5. Ecjih X" chh- 
ryjiHpHO, to mbi noBTopneM npeflbi^ymyio KOHCTpyKpmo. Ilocjie 
KOHeHHoro HHCJia tbkhx oneparpiË mbi nojiyHHM MHoroo6pa3He 
X —y X, rjia^Koe b KaxcfloË TOHKe Hafl P h Taxoe, hto Bce hckjiio- 

HHTejIBHBie ^HBH30pBI HBJIÎIIOTCH paiJHOHajIBHBIMH MHOTOo6pa3HH- 
MH, TJia^KHMH HJIH C e^HHCTBeHHOË H30JIHp0BaHH0Ë CHHTyjIîipHOË 
TOHKOË, KaK OmiCaHO BBIHie. 


Ü3 OnncaHHH HCKJTIOHHTejTBHBIX ^HBH30p0B H JieMMBI 12.31 nOJiyHaeM, HTO 
CJIOË Xp HBJIHeTCH CBH3HBIM (7i/o-y HHBe P caJIBHO TpiIBHajIBHBIM MHOTOOÔpa- 
3HeM. 


□ 


Cjie/iyiomee VTBepjK^eHiie flaëT KjnoHeBBie HeTpiiBiiajiBHBie HHBapuaHTBi 
pHKJIHHeCKHX HaKpBITHË. 

HanOMHHM, HTO K03(JxJ)HIi;iieHTBI MHOTOHJieHOB / G k[x Q,...,X n \ 3a^aH- 
hoë CTeneHii napaMeTpH3yioTCH TOHKaMii neKOToporo aiJxjmTiTïoro npocTpaH- 
cTBa. OôirpiË BBiôop KoscJxjDHpHeHTOB / o3HanaeT, hto mbi paccMaTpiiBaeM 
K03(J)cj3HpHeHTBI H3 HeKOTOpOTO HenyCTOTO OTKpBITOTO (b TOnOJIOTHH 3apHC- 
ckoto) no^MHoroo6pa3Hîi stoto acjKjmnnoro npocTpaHCTBa. 

TeopeMa 3.7. Ylycmb k - cuieeôpaunecKu 3üMKHymoe noAe xapanmepucmu- 
ku p u nycmb f(x o, ■ ■ ■, x n ) - odnopodnuü mhozohach cmenenu mp > n + 1, 
n > 3 . JJaji o6w t e?j) euôopa KosfiffiuyueHmoe f eunoAHHtomcn CAedywiyue 
ycAoeuA: 
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(i) ece KpumunecKue mouKU f AeAAwmcA ueeupoatcdeHHUMU, ecAU p > 2 
uau p = 2 u n Hëmno; 

(ii) ece KpumunecKue rnounu f AeAAiomcA noumu neeupocHcdennuMU, ecAU 
p = 2 un HeuëmHo. 

(iii) Ecau X —> X - pa3pemeHue ocoôeHnocmeü X, noAyueHuoe nocAedo- 
eameAhHUM pa3dymueM cumyAApnux moueK, mo Mop<fiu3M X —> X 
neAAemcA CH 0 -yHueepcaAbHo mpueuaAbnuM, H°(X, A n-1 f2^) / 0 « 
MHozoo6pa3ue X ne mAAemcA CHo-ynueepcaAbHo mpueuaAbnuM. 

XoKa3ameAbcmeo. CBoËcTBa (i) h (ii) cjie^yioT H3 ynpaxoïeHHË [7JV.5.7 h 
5.11. IlpeflnojioîKHM, P = (b, ai,... ,a n ) - xpiiTHHecxaa Tonxa /. llpiT no- 
Moipii jiiihcëhoë 3aMeHBi nepeMeHHBix y — c, Xi — ai, r,n;e c p = f(P ) (nojie 
k ajireSpaiinecKH 3aMKHyTo) mojkho npe^nojiojKiiTB, hto P = (0,... 0). To- 
Tfla MOÎXHO pa3JIO>KHTB / B CyMMy JIHHeiiHOH HaCTII, KBa^paTHHHOH HaCTIi H 
nacTH BBicniHx cTeneHefi: / = fi(xi, ... x n ) + / 2 (xi, ... x n ) + fz(x i, ... x n ). 
Tax Kax P - K|)ii r nT T iecKa>T r ro T TKa. to J\ =0. Tax xax nojie k ajireôpaiiHecxii 
3aMKHyTo, to Kaac^aH KBa^paTHHHaa (J)opMa Ha,n, k moxcct 6bitb npe^cTaBjie- 
Ha b ^HaroHajiBHoË (J)opMe jihôo cyMMoË KBa^paTOB (ecjiH xapaxTepucTiixa 
riojia He paBHa 2), jihôo cyMMoË 'Yh x iVi (peryjiapHaa nacTb) h cyMMoË xBa^- 
paTOB. TaKHM o6pa30M, Hecjioxoïo npoBepHTB, t ito ycjioBHe, t tto P neBT>ipo>K- 
fleHHaH (cootb. noHTH HeBBipojK^eHHaa) Tonxa, cooTBeTCTByeT pa3Jio)xeHHio 
b jieMMax EUE E3 EÜ3 (cootb. n, hto BBinojiHaeTca rjis oôipero BBiôopa 
Kooc^cJîimiieHTOB / (cm. ynpajKHemie [TJ V. (5.6.6.3)). 

JXjik ^;oKa3aTejibCTBa (iii), xax h b paôoTe ToTapo [9], mbi ncnojiB3yeM 
[7] V.5.11 æjis P£, n > 3 h L p = Opn(mp). IlojiyHaeM : 

1. Kpn (g) L p = Opn(mp — n — 1), 

2. IIpn ycjioBHii rtip > 4 oToôpaxceHHe 77°(P”, TA) —y Opn/m ^ <g) L p cio- 

pBeKTIIBHO RJI3 JIIOÔOË 3aMKHyTOË TOHXII iGl. 

Kax cjie^yeT H3 [7] V.5.7 (cm. Taxxce [7] V.5.11, |H] TeopeMa 4.4), æjih 
oôrpero BBiôopa / G 77° (P£, Opn(mp)) (b nacTHocTii, y^oBjieTBopînoipero (i) 
h (ii)), ecjiH q : X —ï P]) - pHXjiHHecxoe HaxpBrme P)! CTeneHH p, pa3- 
BeTBjiëHHoe Hafl THnepnoBexHOCTBio / = 0 h7t:X->X- pa3pemeHHe 
ocoôeHHocTeË À", nojiyneHHoe nocjie^oBaTejiBHBiM pa3,n;yTHeM cHHryjiîipHBix 
Tonex, to n*q*Opn(mp — n — 1) hbjihctch no^nynxoM b nacTHocTH, 

ecjiH mp — n — 1 > 0 , to H°(X , ^ 0 . 

Kax ^;oxa3aHo b paôoTe ToTapo |QJ (JleMMa 2.2), ecjin X aBjxîeTCîî CHq- 
yHHBepcajiBHo TpiiBiiajiBHBiM, to H°(X, A n ^ 1 k}^ : ) = 0. II 3 jtcmm 13..‘il 13.4113.51 
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15.61 cjiejveT. t ito Bce cjioh MopcJjuaMa X —y X hbjihiotch C'i/o _ y HHBe P cajIt,HO 
TpHBnajiBHBiMH, 3Ha T iiiT, h Mop(})H3M À" —y X Taxjxe 67/o-ynHBepca.jTBno 
TpiiBIiajIBHBIË (cm. [3] 1.8) □ 

3aMeuanue. Ecjih n + 1 > mp — m h MHoroo6pa3iie X HopMajiBHo (hto 

BepHO, B HaCTHOCTIi, eCJIII / HMeeT TOJIBKO H30JIIip0BaHHBie KpHTHHeCKIie TOH- 
kh), to X îîBjBîeTCîi MHoroo6pa3iieM OaHO : nynox — Kx oôiuieH (cm. |S] 
4.14). 


4 HaKpbITHH, KOTOpbie He 5ÏBJI5IIOTC5I CTaÔHJlbHO 
pau;HOHajibHbiMH 

TeopeMa 4.1. IJycmt> p - npocmoe hucao. IJycrm> X - yuKAunecme nanpu- 
mue P> 3 cmenenu p, pa3eemeAëHHoe nad ouem> oôiyeü dunepnoeepx- 
Hocm'bK) f(x o,... ,x n ) = 0 cmenenu mp. TJpednoAooicuM, umo m{jp — 1) < 
n + 1 < mp. Tozda X - Mnozoo6pa3ue Oano, nomopoe ne AeAAemcA cma- 
ôuAbno payuonaAbnuM MHOzoo6pa3ueM. Cyiyecmeyem ne cmaôuAbno payu- 
onaAbnoe naKpumue cmenenu p, paseemenennoe nad eunepnoeepxnocmbm 
cmenenu mp, onpedeAënnoe nad hucaobum noAeM. 

/3oKa3ameAbcm60. llycTB Y : y p — f(x o,..., x n ) - HaxpniTHe, ynpBjieTBopn- 
roipee ycjioBH 2 M TeopeMBi ET 71 MoJKHO BBlÔpaTB Y THKI-TM o 6 pa 30 M, T TTO XO- 
scJxÿupHeHTBi MHoroHjieHa / onpeflejieHBi Hafl hckotopbim kohchhbim nojieM 
F, ; xapaKTepncTHKH p; Tax xax b TeopeMe 13.71 ycjioBne / = 0 sa/iacT oaena 
oôinyio rnnepnoBepxHOCTB, to mohcho Tax>xe npe;i,no jtojkhtb, hto rnnepno- 
BepxHocTB / = 0 aBjiaeTca rjia,n,xoË Hap, F 9 . TaxHM o 6 pa 30 M, cymecTByeT 
MHoroHjieH H cTenemi mp c KoacJx^HnyieHTaMH b HexoTopoM hhcjiobom no- 
jie, TaxoË, hto / HBjiaeTca pepyxipieË MHoronjieHa H no MOflyjno p , n hto 
HaKpBiTne X : y p = H(xq, ... ,x n ) HBjineTCH rjiap;KiiM MHoroo 6 pa 3 iieM. Tax 
xax X Bhipo>KnaeTcn b Y h pa 3 pemeHne ocoôemîocTeË Y' —y Y, nocTpoeH- 
Hoe b jieMMax [3731 l3~fl 133113761 h TeopeMe 13.71 hb.thctot C 7 /o-ynnBej)ca.nwTO 

TpHBHajIBHBIM, TO Xç He HBJIHeTCH ( 7 i/o-y HHB 6 pcajIBHO TpHBHajIBHBIM MHO- 

roo 6 pa 3 neM no TeopeMe 13.71 n [4J 1.14(iii). Cjiep;oBaTejiBHo, X He HBjineTCH 
CTaônjiBHo papnoHajiBHBiM. Bonee toto, no noerpoemno mbi nonynaeM ripn- 
Mep Hap; hhcjiobbim noneM. Tax xax xoscJx^HpHeHTBi MHoronjieHOB cTeneHn 
mp c xoMnjiexcHBiMH xo 3 c[) 4 )HH;HeHTaMH napaMeTproyioTCH HenpnBop,HMBiM 
MHoroo 6 pa 3 neM, to no [4] 2.3 p;jin oneHB o 6 in;ero BBiôopa Taxoro MHoronjieHa, 
cooTBeTCTByioni;ee HaxpniTne P£ CTeneHn p He HBjineTCH C//o-y HHBe P ca - JIBH o 
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TpHBHajIbHMM. 


□ 

3aMeH(mue. Tekhm o6pa30M, mm nojiynaeM, hto pmcjninecKoe HaKpMTiie 
X npoeKTHBHoro npocTpaHCTBa CTeneHH p, pa3BeTBjiëHHoe Hafl oneHB 06- 
ipeii rHnepnoBepxHOCTBio f(x o,... ,x n ) = 0 CTeneHH mp He aBjiaeTca CH 0 - 
yHHBepcajiBHo TpHBHajiBHbiM. AHajiorHHHO paôoTe [ 1 ], 113 stoto cjie^yeT, hto 
X He HBJIHeTCH papHOHajIBHBIM peTpaKTOM. HanOMHHM, HTO CTaÔHJIBHO pa- 
pHOHajIBHOe MHOrOo6pa3He HBJIHeTCH papHOHajIBHBIM peTpaKTOM, O^HaKO flO 
CHX nop HeH3BeCTHO, pa3JIHHHBI JIH 3TH nOHHTHH. 


üpHMepfai. 

1. Ilpn p = 2, n = 3 h mp = 6 nojiynaeM Æpyroe ^;oKa3aTejiBCTBo pe3yjiB- 
TaTa A. Bobhjih [3]. 

2. Ilpn n — 3,m — p — 2 nojiynaeM ^BofiHBie HaKpMTHH Pjl, pa3BeTB- 
jiëHHBie Hafl KBapTHKoË (6ojiee oGupae pe3yjibTaTBi nojiyHeHBi b paôoTe 
Kjisp Bya3aH uni). 

3. Ilpn p = 2, n = 4 h mp = 6, 8 nojiynaeM, hto ^Bofmoe HaKpniTHe P£, 
pa3BeTBjiëHHoe Hafl oneHB o6m,eîi rHnepnoBepxHOCTBio CTeneHH 6 hjih 
8 He HBJIHeTCH CTaÔHJIBHO papHOHajIBHBIM. 

4. Ilpn p — 2, n — 5 nojiyHaeM npuMepBi fljia 2m = 8,10. 

5. n P H p — 3,n — 4 h mp = 6 nojiynaeM npHMep MHoroo6pa3HH Oa- 
HO pa3MepHOCTH 4, KOTOpoe He HBJIHeTCH CTaÔHJIBHO papHOHajIBHBIM : 
HaKpBiTHe CTeneHH 3, pa3BeTBjiëHHoe Ha,n, oneHB o6m,eH noBepxHocTBio 
CTeneHH 6. 

6. Pe3yjiBTaTM o ^bohhbix HaKpniTHHx P^, n = 4, 5, pa3BeTBjiëHHBix Hafl 
KBapTHKOH (A. Bobhjib |2J), ne noKpBœaioTCH pe3yjiBTaTaMH TeopeMM 

o 
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